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a b s t r a c t
The Eringen nonlocal theory of elasticity formulated in differential form has been widely used
to address problems in which size effect cannot be disregarded in micro- and nano-structured
solids and nano-structures. However, this formulation shows some inconsistencies that are
not completely understood. In this paper we formulate the problem of the static bending of
Euler–Bernoulli beams using the Eringen integral constitutive equation. It is shown that, in
general, the Eringen model in differential form is not equivalent to the Eringen model in inte-
gral form, and a general method to solve the problem rigorously in integral form is proposed.
Beams with different boundary and load conditions are analyzed and the results are com-
pared with those derived from the differential approach showing that they are different in
general. With this integral formulation, the paradox that appears when solving the cantilever
beam with the differential form of the Eringen model (increase in stiffness with the nonlocal
parameter) is solved, which is one of the main contributions of the present work.
© 2015 Elsevier Ltd. All rights reserved.1. Introduction
The formalism based on the classical continuummechanics has beenwidely used to develop powerful and reliable simulation
tools to solve fundamental problems in several engineering ﬁelds such as civil, mechanical, aerospace, biomedical as well as in
other applications of physical sciences. A basic feature of the local theory of continuummechanics is that the stress at each point
is related to the strain at the same point only. Therefore, a deﬁning characteristic of this framework is that it is scale-free.
However, the matter is discrete and heterogeneous in nature. Materials used nowadays, like composites, functionally graded
materials, polycrystalline solids, granular materials, and so on, all have inherent microstructures at different scales. Additionally,
at high-frequency excitations, microstructural and size effects are observed in wave propagation in solids when the wavelength
of a travelingwave becomes comparablewith the scale ofmaterial heterogeneities (Gonella, Greene, & Liu, 2011). Moreover, mod-
ern technological applications involve the use of systems which can be devised as micro- or nano-structures, mainly in micro-
or nano-electromechanical (MEMS or NEMS) devices (Martin, 1996), nano-machines (Bourlon, Glattli, Miko, Forro, & Bachtold,
2004; Drexler, 1992; Fennimore et al., 2003; Han, Globus, Jaffe, & Deardorff, 1997), as well as in biotechnology and biomedical
ﬁelds (Saji, Choe, & Young, 2010). A main characteristic of these nanostructures is that their dimensions become comparable to
the microstructural characteristics distances, thus the size effects are signiﬁcant regarding their mechanical behavior.∗ Corresponding author. Tel.: +34916249964.
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Fang, 2007; Wei & Srivastava, 2004), but this approach requires a great computational effort, providing a motivation towards
developing higher-order and nonlocal continuum mechanics theories able to capture the size effects by introducing intrinsic
lengths in their formulations. Therefore, classical continuum mechanics, due to its inherent scale-free characteristic, cannot
predict the size effect present in the above mentioned applications.
Apart from the ﬁrst attempts to capture scale effects using the continuum theories through the works of Cauchy and Voigt
in the 19th century, and the work of the Cosserat brothers in the ﬁrst half of the 20th century, contributions by Mindlin and
Tiersten (1962), Kröner (1963, 1967), Toupin (1963, 1964), Green and Rivlin (1964), Mindlin (1964, 1965), Krumhansl (1968),
Mindlin and Eshel (1968), Kunin (1968), Eringen (1972a, 1972b), Eringen and Edelen (1972), constitute a major revival of the
nonlocal and higher-order theories. The concept of nonlocal theory of linear elasticity was initially introduced by Kröner (1967),
Krumhansl (1968), and Kunin (1968), and further developed by Eringen (1972a, 1972b), and Eringen and Edelen (1972). The basic
feature of the nonlocal theories of elasticity is that the stress at each point is related to the strain at all points in the domain. This
inﬂuence decreases as the distance between the point of interest and the neighboring points increases. The Eringen nonlocal
integral constitutive equation describes the dependence of the stress at a point on the strain in the rest of the domain through a
positive-decaying kernel function.
A differential constitutive theory, introduced by Eringen (1983), showed that for a speciﬁc class of kernel functions the non-
local integral constitutive equation can be transformed into a differential form, much easier to manage than the integral model.
From the pioneering work of Peddieson, Buchanan, and McNitt (Peddieson, Buchanan, & McNitt, 2003), and due to its simplicity,
this differential Eringen nonlocal model has been widely used to analyze the static, buckling, and dynamic behavior of nanos-
tructures. The list of papers is extremely long to be reported here. Nevertheless we cite some representative works.
As stated before, the Eringen nonlocal theory of elasticity formulated in differential form has been used to address the be-
havior of linear beams (Ke, Wang, & Wang, 2012; Loya, Lopez-Puente, Zaera, & Fernandez-Saez, 2009; Lu, 2007; Reddy, 2007;
Wang, Zhang, & He, 2007; Wang, Zhang, Ramesh, & Kitipornchai, 2006; Xu, 2006), beams with von Kármán nonlinearity (Reddy,
2010; Reddy & El-Borgi, 2014), functionally graded beams (H. Salehipour, 2015; O. Rahmani, 2014; Reddy, El-Borgi, & Romanoff,
2014), beams under rotation (Aranda-Ruiz, Loya, & Fernández-Sáez, 2012; Murmu & Adhikari, 2010b; Narendar & Gopalakrish-
nan, 2011b; Pradhan & Murmu, 2010), rods (Kiani, 2010; Murmu & Adhikari, 2010a; Murmu & Pradhan, 2009b; Narendar, 2011;
Narendar & Gopalakrishnan, 2010; Sun & Zhang, 2003), plates (Hosseini-Hashemi, Zare, & Nazemnezhad, 2013; Ke, Wang, &
Wang, 2008; Murmu & Pradhan, 2009a), plates with von Kármán nonlinearity (Reddy, 2010), cylindrical shells (Hua, Liew, Wang,
He, & Yakobson, 2008; Wang & Varadan, 2007; Wang &Wang, 2007), conical shells (Firouz-Abadi, Fotouhi, & Haddadpour, 2011;
Liew et al., 2007; Tsai & Fang, 2007), rings (Moosavi, Mohammadi, Farajpour, & Shahidi, 2011; Wang & Duan, 2008), spherical
shells (Ghavanloo & Fazelzadeh, 2013a; Vila, Zaera, & Fernandez-Saez, 2015; Zaera, Fernandez-Saez, & Loya, 2013), and particles
(Ghavanloo & Fazelzadeh, 2013b), as well as carbon nanotubes (CNTS) (Ansari, Shahabodini, & Rouhi, 2013; Chen, Lee, & Eskan-
darian, 2004; Fleck & Hutchinson, 1997; Heireche, Tounsi, Benzair, Maachou, & Adda Berdia, 2008; Murmu & Pradhan, 2009c;
Narendar & Gopalakrishnan, 2011a; Sudak, 2003; Zhou & Li, 2001).
Nevertheless, several authors have pointed out the inconsistent results obtained from the Eringen differentialmodel regarding
a cantilever beam when compared to other boundary conditions (Challamel & Wang, 2008; Challamel et al., 2014; Peddieson
et al., 2003;Wang, Kitipornchai, Lim, & Eisenberger, 2008;Wang & Liew, 2007). For all boundary conditions except the cantilever,
the model predicts softening effect (i.e. larger deﬂections and lower fundamental frequencies) as the nonlocal parameter is
increased. Moreover, Lu, Lee, Lu, and Zhang (2006) showed that, depending on the nonlocal parameter, it is only possible to
calculate a few natural frequencies of ﬂexural vibrations of a cantilever beam. This last ﬁnding may be a consequence of the non
self-adjoint characteristic of the Eringen differential operator (Challamel et al., 2014; Reddy, 2007).
Benvenuti and Simone (2013) found also inconsistent results regarding the behavior of a bar in tension. They observed that
nonlocal solutions based on differential form of the Eringen theory are not consistent with the constitutive equation formulated
in integral form. The reason is that in the transformation process of the constitutive equations from integral to differential forms,
certain boundary conditions are not properly fulﬁlled (Polyanin & Manzhirov, 2008)
To overcome this paradoxical behavior, Challamel and Wang (2008) proposed a local/nonlocal moment-curvature relation-
ship. In the same way, Challamel, Rakotomanana, and Le Marrec (2009) adopted a mixed local/nonlocal model to address the 1D
wave propagation. In order to ﬁt the dispersion relations obtained from a Von-Kármán lattice, Challamel et al. (2009) selected
a negative value for the ”mixture” parameter leading to thermodynamic inconsistencies (Fafalis, Filopoulos, & Tsamasphyros,
2012). On the other hand, the two-phase constitutive model with both local and nonlocal phases was early proposed by Eringen
(1987). This theory was further developed by Polizzotto (2001) who derived the variational principles governing the integral
form. Using this two-phase constitutive model, Pisano and Fuschi (2003) and Benvenuti and Simone (2013) solved the prob-
lem of a bar in tension, and very recently Khodabakhshia and Reddy (2015) have presented the analysis of the static bending of
Euler–Bernoulli beams subjected to different boundary and load conditions.
In this paper we formulate the problem of the static bending of Euler–Bernoulli beams using the Eringen integral constitutive
equation. It is showed that, in general, the Eringen model in differential form is not equivalent to the Eringen model in integral
form. Although this has been shown for a particular case (bending of beams), it also applies to other problems. A general method
to solve rigorously the problem in integral form is proposed. Different boundary and load conditions are analyzed and the results
have been compared whose derived from the widely used differential approach showing that they are different in general. With
this integral formulation, the paradox that appears when solving the cantilever beam with the differential form of the Eringen
model (increase in stiffness with the nonlocal parameter) is solved, being this one of the main outcomes of the work.
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Here, an application of the Eringen integral model to the study of static bending of an Euler–Bernoulli beam is presented.
Hypotheses
We consider a beam of length L, uniform cross section A and constant Young modulus E. The variables x and w represent,
respectively, the axial coordinate and the transverse displacement. The strain εx follows the kinematics of the Euler–Bernoulli
beam
εx(x) = −zd
2w(x)
dx2
(1)
The nonlocal constitutive equation σ x is given by the Eringen integral equation
σx(x) =
∫ L
0
k(|x − x¯|, κ)Eεx(x¯) dx¯ (2)
with the standard kernel
k(|x − x¯|, κ) = 1
2κ
e−
|x−x¯|
κ (3)
κ being the non-local parameter, depending on an internal length scale a and on a constant e0 appropriate to the material
κ = e0a (4)
From the previous hypotheses, the following expression for the bending moment can be derived
M(x) =
∫
A
σx(x)z dA = −EI
∫ L
0
k(|x − x¯|, κ)d
2w(x¯)
dx¯2
dx¯ (5)
where I is the moment of inertia of the cross section.
Derivation of the governing equation and BCs.
The governing equation and the boundary conditions are derived applying the Principle of Minimum Total Potential Energy,
specializing the general formulation of Polizzotto (2001) for a 1D case.
Given the following expression for the strain energy
U(w) =
∫ L
0
∫
A
1
2
σx(x)εx(x)dAdx = 1
2
EI
∫ L
0
[∫ L
0
k(|x − x¯|, κ)d
2w(x¯)
dx¯2
dx¯
]
d2w(x)
dx2
dx (6)
and for the work due to external loads q(x)
V(w) = −
∫ L
0
q(x)w(x)dx (7)
the total potential energy is
(w) = U(w) + V(w) (8)
The Euler equation is determined by equating the ﬁrst variation of (w) to zero, i.e. δ(w) = 0
1
2
EI
∫ L
0
[∫ L
0
k(|x − x|, κ)d
2δw(x)
dx
2
dx
]
d2w(x)
dx2
dx +
1
2
EI
∫ L
0
[∫ L
0
k(|x − x¯|, κ)d
2w(x¯)
dx¯2
dx¯
]
d2δw(x)
dx2
dx −
∫ L
0
q(x)δw(x)dx = 0 (9)
that can be written as
EI
∫ L
0
[∫ L
0
k(|x − x|, κ)d
2w(x)
dx
2
dx
]
d2δw(x)
dx2
dx −
∫ L
0
q(x)δw(x)dx = 0 (10)
Integrating the ﬁrst term twice by parts, we get[[
EI
∫ L
0
k(|x − x|, κ)d
2w(x)
dx
2
dx
]
δ
dw(x)
dx
]L
0
−
[
d
dx
[
EI
∫ L
0
k(|x − x¯|, κ)d
2w(x¯)
dx¯2
dx¯
]
δw(x)
]L
0
+
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0
[
d2
dx2
[
EI
∫ L
0
k(|x − x¯|, κ)d
2w(x¯)
dx¯2
dx¯
]
− q(x)
]
δw(x)dx = 0 (11)
By virtue of the Fundamental Lemma of Variational Calculus, we get the Euler equation
d2
dx2
[
EI
∫ L
0
k(|x − x¯|, κ)d
2w(x¯)
dx¯2
dx¯
]
− q(x) = 0 (12)
or, in terms of the bending moment (Eq. (5))
d2M(x)
dx2
= −q(x) (13)
with the following pairs of essential and natural boundary conditions:
w = 0; or d
dx
[
EI
∫ L
0
k(|x − x¯|, κ)d
2w(x¯)
dx¯2
dx¯
]
= 0 (14)
and
dw
dx
= 0; or EI
∫ L
0
k(|x − x¯|, κ)d
2w(x¯)
dx¯2
dx¯ = 0 (15)
The above equations can be written in nondimensional form using the following variables
ξ = x
L
; h = κ
L
; w¯ = w
w0
; M¯ = M
q0L2
; q¯ = q
q0
(16)
with w0 = q0L4/(EI) and q0 a characteristic value of the transverse load. The nondimensional bending moment becomes
M¯(ξ) = −
∫ 1
0
1
2h
e−
|ξ−s|
h
d2w¯(s)
ds2
ds (17)
Given the external load q¯(ξ), the bending moment can be obtained integrating the balance equation
M¯′′(ξ) = −q¯(ξ) (18)
thus
M¯(ξ) = C1 +C2ξ −
∫ ξ
0
(ξ − t)q¯(t)dt (19)
and the integral equation (17) permits to determine the function w¯′′, where (•)′′ indicates d2(•)/dξ 2 for simplicity. It is worth to
point out that Eq. (17), written as
∫ 1
0
e−
|ξ−s|
h w¯′′(s)ds = −2hM¯(ξ) (20)
is of the general form
∫ b
a
eμ|ξ−s|y(s)ds = f (ξ), −∞ < a < b < ∞ (21)
with a = 0, b = 1, μ = −1/h, y = w¯′′, f = −2hM¯. As described in Polyanin andManzhirov (2008), the integral equation is satisﬁed
by the solution
y(ξ) = 1
2μ
[
f ′′(ξ) − μ2 f (ξ)
]
(22)
Eq. (22) constitutes the well-known differential form of the nonlocal Eringen constitutive model, supposedly equivalent to its
integral counterpart. However, as stated in Polyanin and Manzhirov (2008), for the solution in differential form to satisfy the
integral equation, the following boundary conditions have to be fulﬁlled
f ′(a) + μ f (a) = 0, f ′(b) − μ f (b) = 0 (23)
It is evident that, in a general loading case, the previous conditionsmay not necessarily be satisﬁed by f = −2hM¯, thus preventing
to use the differential formulation of the Eringen model. This impediment has been highlighted in a bending problem, but it also
applies to other Solid Mechanics problems when using the differential formulation of the Eringen model.
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Once the discordance between the integral and the differential formulations of the nonlocal Eringen model – for a general
loading case – has been underscored, a method to rigorously solve the original integral form is proposed. In a general case, f(ξ )
does not satisfy the conditions given by Eq. (23). As stated in Polyanin and Manzhirov (2008) a new function F(ξ ), based on f(ξ )
and written as
F(ξ) = f (ξ) + Aξ + B (24)
where
A = 1
bμ − aμ − 2
[
f ′(a) + f ′(b) + μ f (a) − μ f (b)
]
(25)
B = − 1
μ
[
f ′(a) + μ f (a) + Aaμ + A
]
(26)
can be deﬁned, which now satisﬁes the conditions
F ′(a) + μF(a) = 0, F ′(b) − μF(b) = 0 (27)
Taking advantage of this general solution, we may modify the governing Eq. (20) as follows∫ 1
0
e−
|ξ−s|
h w¯′′(s)ds = −2hM¯(ξ) + Aξ + B − (Aξ + B) (28)
Thus the solution of the integral equation may be derived as
w¯′′(ξ) = w¯′′1(ξ) − A w¯′′A(ξ) − B w¯′′B(ξ) (29)
w¯′′
1(ξ), w¯
′′
A(ξ) and w¯
′′
B(ξ) being the solutions of the following integral equations
• For w¯′′1(ξ):∫ 1
0
e−
|ξ−s|
h w¯′′1(s)ds = −2hM¯(ξ) + Aξ + B (30)
whose right-term follows the expression given by Eq. (24) and thus can be solved using Eq. (22).
• For w¯′′
A(ξ):∫ 1
0
e−
|ξ−s|
h w¯′′A(s)ds = ξ (31)
that can be solved numerically.
• For w¯′′
B(ξ):∫ 1
0
e−
|ξ−s|
h w¯′′B(s)ds = 1 (32)
that can be solved numerically.
The solution w¯′′
1(ξ) depends on the particular loading case. Nevertheless, w¯
′′
A(ξ) and w¯
′′
B(ξ) are canonical functions (for a
given value of the nonlocal parameter h), thus valid for any loading case.
Later on, the displacement w¯(ξ) is obtained as follows:
w¯(ξ) = w¯(0) + w¯′(0)ξ +
∫ ξ
0
(ξ − s)
(
w¯′′1(s) − Aw¯′′A(s) − Bw¯′′B(s)
)
ds (33)
Likewise, the bending moment is derived as follows
M¯(ξ) = −
∫ 1
0
1
2h
e−
|ξ−s|
h
(
w¯′′1(s) − A w¯′′A(s) − B w¯′′B(s)
)
ds (34)
4. Selected results
To illustrate the differences in the results obtained by means of the integral form with those obtained with the differen-
tial form of the Eringen model, some cases are analyzed. Different boundary condition combinations (cantilever, ﬁxed-pinned
and simply supported) and loading states (point or distributed load) will be considered, some of them satisfying the condi-
tions stated in Polyanin and Manzhirov (2008). The presented results show the vertical displacement of selected sections of the
beam versus the nonlocal parameter h. Note that the case h = 0 corresponds to the classical (local) elasticity theory, and the
solution for this value of h has not been obtained from the nonlocal integral approach because it leads to a singularity in the
kernel.
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Fig. 1. Displacement of the section at ξ = 1 for a cantilever beam submitted to a point load at ξ = 1, versus nonlocal parameter h.
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Fig. 2. Displacement of the section at ξ = 1 for a cantilever beam submitted to a uniform distributed load, versus nonlocal parameter h.Cantilever beam: The ﬁrst three conditions analyzed correspond to cantilever beams (clamped at ξ = 0) subjected to differ-
ent loading cases. In all these conﬁgurations, conditions stated in Eq. (23) are not satisﬁed, showing discrepancies in the results
obtained by the integral and differential models.
• Cantilever beam with point load. In case of a point load located at the free end (ξ = 1) of a cantilever beam, the maximum
displacement obtained at this section using the integral form increases with the nonlocal parameter h (see Fig. 1).
These results predict that ﬂexibility of the beam increases with the small-scale parameter. This trend contrasts with the
results obtained by means of the differential form, being the maximum displacement for this loading case (point load at the
free end), independent of h (Wang & Liew (2007)).
• Cantilever beam with distributed load. In case of considering an uniform or a linear distributed load, q¯(ξ) = ξ , (see Figs. 2
and 3, respectively), integral form shows that the stiffness of the beam decreases as well, whereas in the differential one the
stiffness slightly increases.
The stiffening behaviour of cantilever beams with the nonlocal parameter when the differential formulation is used, opposite
to that observed in other boundary conditions, has been deﬁned as a paradox by other authors and could be a consequence of
the improper transformation of the integral problem to the differential one. However, as we will see next, both approaches also
provide different results for other boundary conditions if the requirements for f(ξ ) are not satisﬁed.
Simply-supported beam: Following, simply supported beam with two different loading states are analyzed.
• Simply-supported beam with uniform distributed load. For this case, displacement at ξ = 1/4 is shown in Fig. 4. As in previous
cases, the particular conditions considered here lead to a wrong transformation of the integral problem into the differential
one.
Notice that in the particular case of displacement at ξ = 1/2, results obtained through both formulations are fully coincident
(see Fig. 5).
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Fig. 3. Displacement of the section at ξ = 1 for a cantilever beam submitted to a triangular distributed load q¯(ξ) = ξ , versus nonlocal parameter h.
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Fig. 4. Displacement of the section at ξ = 1/4 for a simply-supported beam submitted to a uniform distributed load, versus nonlocal parameter h.
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Fig. 5. Displacement of the section at ξ = 1/2 for a simply-supported beam submitted to a uniform distributed load, versus nonlocal parameter h.
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Fig. 6. Displacement of the section at ξ = 1/2 for a simply-supported beam submitted to an harmonic distributed load q¯(ξ) = 2π2 cos (2πξ), versus nonlocal
parameter h.
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Fig. 7. Displacement of the section at ξ = 1/2 for a clamped-pinned beam submitted to a uniform distributed load, versus nonlocal parameter h.• Simply-supported beam with harmonic load. Let us consider the following harmonic distributed load q¯(ξ) = 2π2 cos (2πξ)
and calculate the displacement at the mid-span of the beam. This load distribution satisﬁes the conditions stated in
Polyanin and Manzhirov (2008) and therefore, the displacement obtained using both integral and differential nonlocal Erin-
gen models are fully coincident (Fig. 6).
Clamped-pinned beam: The following case corresponds to a statically undetermined case with asymmetric boundary con-
ditions.
• Clamped-pinned beam with uniform distributed load. In this case, the displacement at the mid-span of a clamped-pinned beam
with an uniform distributed load has been calculated (Fig. 7). Here, both formulations show that the ﬂexibility of the beam
increases with the nonlocal parameter h. As in the cases previously commented, the load now considered does not satisfy the
conditions stated in Polyanin and Manzhirov (2008) either.
As the analyzed cases shown, the comparison of results demonstrates that relevant discrepancies may appears when the
conditions stated in Polyanin and Manzhirov (2008) are not satisﬁed, leading to an improper transformation from the integral
to the differential formulation. In particular, the differential form leads to an apparent stiffness increasing in cantilever beams
subjected to a distributed load, meanwhile opposite tendencies are observed in other boundary conditions. This paradox does
not appears using the integral form.
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The paper shows the differences between the original nonlocal integral Eringen model and its differential counterpart, com-
monly supposed fully equivalent. The contrasts are illustrated through the static bending analysis of the Euler–Bernoulli beam,
although it can be readily extended to other boundary value problems. An original methodology to rigorously solve the integral
formulation is proposed, permitting to clear up some abnormal trends predicted by the differential formulation, which disappear
when using the original integral form.
The following conclusions can be established:
• For a general loading case, the solution of the integral model is obtained by adding those of an associated differential problem
and of two integral equations.
• For a given value of the non-local parameter, the solutions of the integral equations can be stated in terms of two canonical
functions, valid for any loading case.
• The solutions of integral and differential forms of the Eringen model are coincident for speciﬁc loading cases (those satisfying
the conditions stated in Polyanin & Manzhirov (2008)), for which the integral problem can be rigorously transformed into a
differential problem.
• The paradox that appears when solving the cantilever beam with the differential form of the Eringen model (increase in
stiffness with the nonlocal parameter) is resolved by using the integral form of the Eringen model.
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